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1. Introduction
Let Λ be a finite-dimensional associative algebra with a unit over an
algebraically closed field k. By modΛ we denote the category of finite-
dimensionalΛ-left-modules, by indΛ its full subcategory whose objects are fixed
representatives for the isomorphism classes of indecomposableΛ-modules and by
ΓΛ the Auslander–Reiten quiver of Λ. By definition, Λ is standard if the mesh
category k(ΓΛ) is isomorphic to indΛ [BG].
Λ is called nonstandard if it is not standard and of finite representation type;
i.e., admits only finitely many indecomposable modules, up to isomorphism.
Nonstandard algebras arise only in characteristic 2 [BGRS]. If Λ is nonstandard,
there is a unique standard algebra Λ, the standard form of Λ, having an
Auslander–Reiten quiver ΓΛ isomorphic to ΓΛ [BG]. The categories indΛ and
ind Λ are not equivalent, however.
Let Λ be nonstandard and denote by σ the bijection from the set of
isomorphism classes in modΛ to the set of isomorphism classes in mod Λ
induced by an isomorphism from ΓΛ to ΓΛ. Note that σ preserves k dimension.
Our main result is the following:
Theorem. Let Λ be a nonstandard algebra with standard form Λ, and consider
two d-dimensional Λ-modules M and N . Then M degenerates to N over Λ if
and only if σ(M) degenerates to σ(N) over Λ.
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As a consequence, for any two algebras Λ and Λ′ of finite representation type
having isomorphic Auslander–Reiten quivers and any isomorphism σ :ΓΛ →
ΓΛ′ , M degenerates to N over Λ if and only if σ(M) degenerates to σ(N). In
Section 4 we show that this result is not true in general for algebras of infinite
representation type.
2. Degenerations
LetΛ be a finite-dimensional algebra over k, and choose generators 1, λ1, . . . , λn
for Λ (as an algebra). Then Λ is the quotient of the free associative algebra in n
generators by some ideal I , generated by relations ρ1, . . . , ρm. A d-dimensional
Λ-module M is an algebra homomorphism ϕ from Λ to Endk kd , and such a ho-
momorphism ϕ is determined by the images ϕ(λ1), . . . , ϕ(λn); these images sat-
isfy the relations obtained from ρ1, . . . , ρm. Thus the d-dimensional Λ-modules
form an affine algebraic variety, the subset modd Λ in (Mat(d × d, k))n deter-
mined by the relations ρ1, . . . , ρm. The group G = GL(d) acts on modd Λ by
conjugation; the G-orbit of M is the set of modules in modd Λ isomorphic to M .
The variety modd Λ is uniquely determined by Λ and d , up to G-equivariant iso-
morphisms.
A d-dimensional Λ-module N is called a degeneration of a d-dimensional
module M if N belongs to the Zariski closure of the G-orbit of M . The relation
M deg N if M degenerates to N is a partial order on the set of isomorphism
classes of d-dimensional modules. If M degenerates to N , then
dimk HomΛ(X,M) dimk HomΛ(X,N)
for all Λ-modules X [R1]; we note this M hom N . Zwara proved in [Z] that
M deg N if and only if M hom N , provided Λ is of finite representation type.
3. Proof of the theorem
Suppose thatΛ is of finite representation type. ThenΛ has a universal cover Λ˜.
This is a locally representation finite k-category. Moreover, there exists a covering
functor
F : k
(
Γ˜
)→ indΛ,
where Γ˜ is the Auslander–Reiten quiver of Λ˜. By definition, F has the property
that the linear map⊕
Fx ′=Fx
k
(
Γ˜
)
(x ′, y)→HomΛ(Fx,Fy) (∗)
induced by F is an isomorphism for any two vertices x and y of Γ˜ [G].
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If Λ is nonstandard, its standard form Λ has the same universal cover Λ˜ as Λ.
Thus (∗) implies that
dimk HomΛ(X,Y )= dimk HomΛ
(
σ(X),σ (Y )
)
for any two indecomposable Λ-modules X and Y . As a consequence, M hom N
if and only if σ(M)hom σ(M) for any two d-dimensionalΛ-modulesM and N .
The theorem follows, since hom is equivalent to deg.
4. A counterexample
For ρ ∈ k∗, let Λρ be the algebra of the quiver
Q= •
1 γ
α •
2 δ
β •
3
divided by the ideal generated by the relations βγ, δα and δγ −ρβα. The quotient
Λ′ of Λρ by the twosided ideal spanned by the image of βα is independent of ρ.
The only indecomposable module over Λρ on which βα does not act as zero is
the projective Pρ =Λρε1, where ε1 is the path of length 0 at the vertex 1. As Pρ
is injective as well, it is contained in just one Auslander–Reiten sequence
0→ radPρ → Pρ ⊕ S2 → Pρ/ socPρ → 0,
where S is the one-dimensional module with support at the vertex 2. Choosing as
vertices of ΓΛρ aside from Pρ a fixed set of representatives for the isomorphism
classes of indecomposable Λ′-modules, we obtain an isomorphism σρ :ΓΛ1 →
ΓΛρ which is the identity on all vertices except P1.
For λ,µ ∈ k∗, set
Mλ = 0 0
0
k
λ
1
k, Nµ = k µ
1
k 0
0
0.
It is easy to construct an exact sequence of Λρ -modules
0→Mλ→ Pρ →N−1/ρλ→ 0.
This implies that Pρ degenerates to Mλ ⊕ N−1/ρλ. Now assume that M
degenerates to N over Λ1 if and only if σρ(M) degenerates to σρ(N) over
Λρ . As Pρ = σρ(P1) degenerates to Mλ ⊕ N−1/ρλ, ρ ∈ k∗, this implies that
P1 degenerates to Mλ ⊕ Nµ for all λ,µ = 0, and this is not the case. Indeed,
the dimension of the orbit Mλ ⊕ Nµ is 13, and the 15-dimensional subvariety
{G · (Mλ ⊕ Nµ): λ,µ ∈ k∗} cannot be contained in the complement of the
15-dimensional orbit of P1 in its closure. In fact, P1 degenerates to Mλ ⊕ Nµ
if and only if λ ·µ=−1 (compare [R2]).
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